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Finding the exact equation of motion for a moving charged particle is one of the 
oldest open problems in physics. The problem originates in the emission of 
radiation by an accelerated charge, which must result with a loss of energy and 
recoil of the charge, adding a correction to the well-known Lorentz force. When 
radiation reaction is neglected, it is well known that the dynamics of a charge in a 
plane-wave laser field are inevitably periodic. Here we investigate the long-time 
dynamics of a charge in a plane wave and show that all current models of radiation 
reaction strictly forbid periodic dynamics. Consequently, we find that the loss of 
energy due to radiation reaction actually causes particles to asymptotically 
accelerate to infinite kinetic energy. Such a phenomenon persists even in weak laser 
fields and puts forward the possibility of testing the open problem of radiation 
reaction through long-duration weak-field precision measurements, rather than 
through strong-field experiments. Our findings suggest realistic conditions for 
such measurements through the asymptotic frequency shift and energy loss of a 
charge, which for example can be detected in electron energy loss spectrometers in 
electron microscopes. 
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Section I - Introduction 
The problem of radiation reaction 
The conventional description for the motion of a charged particle under an 
electromagnetic field is given by the Lorentz force (LF) equation of motion [1]. This equation 
lies at the heart of classical electrodynamics and is known to give an exact description of a 
wide range of observed physical phenomena. In relativistic covariant form, the LF equation 
can be written as 
𝑚?̇?ఓ = 𝑞𝐹   ఔ
ఓ 𝑢ఔ . (1) 
Here 𝑢ఓ = 𝛾(1, 𝜷)  is the velocity 4-vector with 𝜷 = 𝒗/𝑐 , 𝛾 = 1/ඥ1 − 𝛽ଶ  is the 
Lorentz factor, 𝐹ఓఔ is the electromagnetic field tensor, 𝑞 is the charge and the dot denotes a 
derivative with respect to the proper time 𝜏 . We use 𝑐 = 1  and the metric tensor 𝑔ఓఔ =
{1, −1, −1, −1} throughout.  
On the other hand, a well-known result of Maxwell’s equations is that an accelerating 
charged particle emits radiation, with radiation power given by the Larmor formula [1] 
𝑃 =
2
3
𝑞ଶ ?̇?ఓ?̇?ఓ
4𝜋ε଴𝑐ଷ
= 𝑚𝜏଴?̇?ఓ?̇?ఓ, (2) 
where 𝜏଴ =
ଶ
ଷ
௘మ
ସగఌబ௠௖య
≈ 6.24 × 10ିଶସ [𝑠]  denotes the characteristic time that it takes light to 
cross the classical electron radius. 
Therefore, for conservation of energy to be satisfied, radiation emission must be 
compensated by loss of energy & momentum from the charge. Consequently, an exact equation 
of motion for a charged particle must include a radiation correction term, most commonly 
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termed “radiation reaction” (RR). The most well-known RR correction is the one suggested by 
Lorentz-Abraham-Dirac (LAD) [2]:  
𝑚?̇?ఓ = 𝑞𝐹ఓఔ𝑢ఔ + 𝑚𝜏଴(üஜ + ?̇?ଶ𝑢ఓ) (3) 
Due to the third time derivative of 𝑥ఈ , the LAD equation does not have a unique 
solution given initial position and momentum [2]. Furthermore, the equation has pathological 
(runaway) solutions, in which the particle accelerates to infinity, even without the presence of 
an external field [3]. A proposed remedy was introduced by Dirac, requiring  ?̈? = 0 as 𝑡 → ∞ 
(for additional discussion on this condition the reader may refer to [4]). Other models of RR 
were also introduced, for example by Eliezer [5], Landau and Lifshitz [6], Mo and Papas [7], 
Hartemann and Luhmann [8], Caldirola [9], and Sokolov [10].  
Among the various alternative equations, the most well-regarded one was introduced 
by Landau and Lifshitz [6]. By taking the RR correction term in the LAD equation as a 
perturbation on Lorentz force (via the minimal substitution ?̇?ఓ = (𝑞/𝑚) 𝐹ఓఔ𝑢ఔ), we get the 
Landau-Lifshitz (LL) equation 
𝑚?̇?ఓ = 𝑞𝐹ఓఔ𝑢ఔ + 𝑞𝜏଴ ቄ𝐹,ఎ
ఓఔ𝑢ఔ𝑢ఎ +
𝑞
𝑚
ൣ𝐹ఓఔ𝐹ఔఎ𝑢ఎ − 𝐹ఔఎ𝐹ఎఘ𝑢ఘ𝑢ఔ𝑢ఓ൧ቅ, (4) 
identical to equation (3) in the first order in 𝜏଴. The LL equation is often taken for further study, 
as it avoids the runaway solutions of the LAD equation and has known analytical solutions 
[11,12,13,14].  
Because of the current lack of experimental data, none of the suggested RR models are 
unanimously accepted. In recent months, however, advancements in high-intensity laser 
experiments enabled a first empirical look into this old problem [15,16]. Both experiments 
reported evidence of significant quantum effects in RR in the measured regimes (field 
intensities of 10ଵ଼Watt/cmଶ and above). Another recent experiment showed effects of 
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quantum RR for channeled positrons in silicon crystals [17]. As of today, no theory can fully 
explain the data, which illustrates the persistence of this century-old paradox. 
Objectives 
To our knowledge, all proposals and attempts to measure RR assume extreme 
interaction with high-intensity fields. In such interactions, the radiation force is significant or 
even dominant in the interaction. We are going to present a new approach to observing RR, 
with low-intensity lasers and precision measurements. Our goal is to show measurable effects 
that can be accessed in the presence of relatively weak electromagnetic fields, and whose 
description gives new insight about the exact RR model, going beyond the perturbative 
correction based on the Larmor formula [18]. These effects could give insight into the open 
problem of RR. We find such effects by studying the long-time dynamics of a charge under a 
plane-wave field.  
It is well-known that the solution of the LF equation for a charge in a periodic plane 
wave is also periodic [19]. The effect of RR is a small perturbation on the LF equation that 
causes loss of energy and acts as damping, therefore altering the original trajectory. One might 
then expect the charge to converge into an altered steady state that is still periodic. We show 
that this is not the case and that regardless of what RR term is used, there exist no steady-state 
solutions. Instead, we find the intriguing result that including RR effects into the interaction 
causes the particle to accelerate indefinitely at long times, so its kinetic energy diverges (limited 
in practice by the duration of the interaction).  
As a first example, we consider the analytic solution of the LL equation and show it 
predicts the divergence of the particle’s momentum to infinity along the direction of the driving 
plane wave. That is, a charged particle interacting with the wave will be eventually “carried” 
by it and accelerated to the speed of light. Next, we present a proof that even in cases of a very 
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strong radiation force, in which the LL equation cannot be used, and the LAD equation must 
be considered, no periodic solution can occur. Lastly, we develop a perturbative method for 
calculating the RR correction for a general model and use it to show that, under very general 
assumptions, RR effects prevent the particle from having a periodic motion. 
One might ask whether there is a difference between the effect of RR under weak plane-
wave field and the RR effect observed in a synchrotron. The two are, however, fundamentally 
different: While in a synchrotron we observe a decay of the particle energy, which can be 
attributed to the energy loss as calculated using the Larmor formula [18,20], here we observe 
that RR effects enable us to accelerate the particle, an effect that cannot be accounted for by a 
simple application of the Larmor formula.  
Section II - Solution to Lorentz force (LF) equation in a plane wave 
As a preliminary to our discussion, we first consider the known solution for the LF 
equation (1) in the field of a plane wave, written as  
𝐹   ఉ
ఈ = ൦
0 1 0 0
1 0 0 −1
0 0 0 0
0 1 0 0
൪ 𝐸଴𝜑(𝑘 ⋅ 𝑥), (5)  
where 𝜑(𝑘 ⋅ 𝑥) represents an arbitrary pulse envelope, with the dot product defined as a ⋅ 𝑏 =
𝑎ఈ𝑏ఈ, and 𝑘ఈ ∝ (1,0,0,1) chosen for simplicity to describe propagation in the +𝑧 direction 
Figure 1: Outline of the interaction. Here 𝒌 is the wave vector (with 
wavelength 𝜆଴ and frequency 𝜔଴), and 𝜷଴ is the initial particle velocity. 
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with linear polarization in the 𝑥 direction (this can be directly generalized to other cases). 
Specifically, later in this work, we use a monochromatic plane wave with frequency 𝜔଴ so that 
𝑘ఈ = (𝜔଴, 0,0, 𝜔଴) and 𝜑(𝑘 ⋅ 𝑥) is a sine wave. An important property of 𝐹ఓఔ, which will be 
used later, is that 
𝑘ఓ𝐹ఓఔ = 0. (6) 
In this form, the LF equation is nonlinear in 𝑢 (since ?̇? = 𝑢, with 𝑥 appearing inside 
𝐹   ఉ
ఈ ), but it can be linearized by introducing the change of variables 𝜉 = 𝑘 ⋅ 𝑥 (representing the 
phase of the wave at the point of the particle), which satisfies 
?̈? = 𝑘 ⋅ ?̇? = 0 (7) 
so  ?̇? is constant and given by 
?̇? = 𝑘 ⋅ 𝑢୧୬, (8) 
where 𝑢୧୬ is the initial velocity. Equation (1) then becomes 
(𝑢ఔ)ᇱ =
𝑞
𝑚 (𝑘 ⋅ 𝑢୧୬)
𝐹   ఔ
ఓ 𝑢ఔ . (9) 
Here the prime denotes differentiation with respect to 𝜉. We can now use the fact that the 
matrices 𝐹   ఔ
ఓ (𝜉) at different times commute with each other to integrate equation (9). We then 
get 
𝑢ఓ(𝜉) = 𝑈   ఔ
ఓ (𝜉)𝑢୧୬ఔ  , (10) 
where 𝑈   ఔ
ఓ  is the propagator 
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𝑈   ఔ
ఓ (𝜉) =
⎣
⎢
⎢
⎢
⎢
⎡1 +
𝜒ଶ(𝜉)
2
𝜒(𝜉) 0 −
𝜒ଶ(𝜉)
2
𝜒(𝜉) 1 0 −𝜒(𝜉)
0 0 1 0
𝜒ଶ(𝜉)
2
𝜒(𝜉) 0 1 −
𝜒ଶ(𝜉)
2 ⎦
⎥
⎥
⎥
⎥
⎤
(11) 
𝜒(𝜉) =
𝑎଴
𝑘෠ ⋅ 𝑢୧୬
න 𝜑൫𝜉ሚ൯𝑑𝜉ሚ
క
଴
, (12) 
with 𝑎଴ =
ாబ௤
௠ఠబ
 being the dimensionless parameter describing the field intensity, and 𝑘෠ఓ =
ଵ
ఠబ
𝑘ఓ (𝜉ሚ will be used throughout as an integration parameter when replacing 𝜉).  
An important property of the solution is that for a periodic wave (periodic 𝜑), the 
solution 𝑢ఓ is periodic in time. Furthermore, when 𝜑 has zero mean (that is, no DC field), the 
particle cannot be accelerated, i.e., gain net energy over the entire interaction. This result is 
generalized as the Lawson-Woodward theorem [21,22], which states that no first-order 
acceleration can occur for a charged particle interacting with a laser in free space (under some 
additional conditions [23]).  
Section III - The divergence in the dynamics of the Landau-Lifshitz (LL) &  
Lorentz-Abraham-Dirac (LAD) equations 
In contrast to the LF equation that shows periodic dynamics, we find that the long-time 
dynamics of the LL equation have the particle energy diverging. The LL equation of motion 
for a particle traveling in a plane wave was solved analytically [13,14] (the exact solution can 
be found at equation (31) in [14]). A property of the solution that was not yet discussed, 
however, is its asymptotic behavior. As RR is a perturbation that corresponds to a damping 
force, one might expect that the solution will decay to a periodic solution. This is not the case, 
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however, and we shall further see that the LL model predicts a divergence of the particle energy 
to infinity in all cases. To see this, we consider the functions (taken from [14]): 
𝑘 ⋅ 𝑢(𝜉) =
𝑘 ⋅ 𝑢୧୬
1 + 𝜏଴𝑎଴ଶ(𝑘 ⋅ 𝑢୧୬) 𝜓(𝜉)
(13) 
and 
 𝜓(𝜉) = න 𝜑ଶ൫𝜉ሚ൯𝑑𝜉ሚ
క
଴
, (14) 
with 𝜑 defined in equation (5). It can now be seen that when the particle's interaction with the 
EM pulse is not bounded in time, equation (14) enforces 𝜓 → ∞ and thus according to equation 
(13) we also have 𝛾(1 − 𝛽௭) = 𝑘 ⋅ 𝑢 → 0. This is possible only if 𝛽௭ → 1 (and because |𝛽| <
1 also 𝛽௫, 𝛽௬ → 0). That is, the particle obtains infinite momentum in the direction of the wave.  
Figure 2: The long-time dynamics due to RR. Long time energy (a) and frequency (b) of 
an electron in the LL equation with initial velocity 𝑢௭ = 2 (kinetic energy of 0.63 MeV)
against the direction of the wave vector, and a linearly-polarized plane wave with 𝑎଴ =
0.01, 𝜆଴ = 532 nm. In (a) we can see the particle energy decaying at first, as shown in 
[14], but eventually rising, as a result of the particle long-time acceleration in the direction 
of the wave vector. Figures (c) and (d) depict the same change in energy and frequency, 
but for a particle with initial velocity in the direction of the wave. 
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Another important note here is that while it might be tempting to associate the 
divergence as seen here to the divergent “runaway” solutions of the LAD equation, they are 
completely distinct. The runway solutions (see, for example, [2,24]) are singular in 𝜏଴, that is, 
the solution diverges faster as 𝜏଴ → 0, while here the divergence is regular in 𝜏଴.  
We also identify a frequency shift, i.e., the change in the particle’s oscillation frequency 
resulting from the RR correction to the particle trajectory, which can be calculated by first 
presenting the relation between the time 𝑡 and the variable 𝜉 
𝑡(𝜉) = න
𝑑𝑡
𝑑𝜏
𝑑𝜏
𝑑𝜉
𝑑𝜉ሚ 
క
଴
= න ?̇?൫𝜉ሚ൯𝜏ᇱ൫𝜉ሚ൯𝑑𝜉ሚ 
క
଴
= න
𝑢଴
𝑘 ⋅ 𝑢
𝑑𝜉ሚ
క
଴
. (15) 
When the integrand changes slowly we can also define  
𝜔(𝜉) =
2π
𝑡(𝜉 + 2𝜋) − 𝑡(𝜉)
= 2𝜋 ቆන
𝑢଴
𝑘 ⋅ 𝑢
𝑑𝜉ሚ
కାଶగ
క
ቇ
ିଵ
≈
𝑘 ⋅ 𝑢(𝜉)
𝑢଴(𝜉)
. (16) 
Figure 2 shows the long-time dynamics under RR effects in the presence of a relatively 
weak field. We clearly see that while in a head-on collision of a particle with a wave, the 
particle experiences an initial energy loss, eventually the RR effect causes acceleration in the 
direction of the wave.  
Since the LL equation is an approximation of LAD, one might wonder whether our 
result of diverging dynamics is an outcome of the approximation. For instance, the result will 
not be valid when the particle energy becomes large enough or when the duration of the 
interaction becomes long enough. Therefore, it is interesting to ask whether the long-time 
dynamics governed by the LAD equation can prevent the divergence seen in the LL equation, 
and result in steady-state dynamics. We prove (see Methods I) that the LAD equation cannot, 
in any case, admit a steady-state (periodic) solution for a particle traveling in a plane wave. 
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Furthermore, we can intuitively understand why our prediction for the LL equation still holds 
for LAD: As the particle velocity tends to 𝑐 in the direction of the wave, both the frequency 
and field strength go to zero in the frame of reference moving with the particle’s average 
velocity, and thus the LL equation remains a valid approximation of the LAD equation [25]. 
Generally, approximating the LAD equation by the LL equation is known to be justified when 
the frequency and the field strength in the rest frame of the charge are small [3]. 
Section IV - Perturbative calculation of the RR corrections 
Next, we wish to generalize the solution presented for the LL equation to a general RR 
term. Ultimately, by the end of the next section, we want to prove that no steady-state solution 
can exist for broad classes of RR models to first order in 𝜏଴, which means that the particle 
dynamics must diverge in long-term interactions with an EM field. In this section, we develop 
a perturbation theory for the shift in velocity and energy of the particle by a general covariant 
RR model. Importantly, the first-order perturbation dominates the effects of RR in the precision 
measurement experiments that will be described below, where the RR term is indeed a small 
perturbation on the LF. To the best of our knowledge, the long-time effect of the first-order 
perturbation has not been studied before. 
We solve an equation with the general form 
𝑚?̇?ఓ = q𝐹   ఔ
ఓ 𝑢ఔ + 𝑚𝜀𝐷ఓ, (17) 
where 𝐹   ఉ
ఈ  is the EM wave field tensor, 𝐷ఓ൫𝑢, ?̇?, … , 𝐹   ఓఔ , 𝐹   ,ఘ
ఓఔ , … ൯ is a general RR term (units 
of timeିଶ), and ε is a small parameter with dimensions of time, satisfying ε𝜔 ≪ 1. This form 
is general enough to include all well-known RR equations [26]. It can be shown (for further 
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details see Methods II) that to first order in ε the 4-velocity of the charge, including the RR 
effect, can be written as 
𝑢ఓ = 𝑈  ఔ
ఓ 𝑢inఔ + ε𝑈  ఔ
ఓ න (𝑈ିଵ)  ఎఔ ቈ𝐷(଴)ఎ − 𝑋൫𝜉ሚ൯
𝑑
𝑑𝜉ሚ
𝑢(଴)ఎ቉ 𝑑𝜉ሚ
క
଴
+ 𝑂(𝜔𝜀)ଶ, (18) 
(with terms in the integrand evaluated at 𝜉ሚ). 𝑋 is an auxiliary function 
𝑋(𝜉) =
1
𝑘 ⋅ 𝑢in
න 𝑘 ⋅ 𝐷(଴)൫𝜉ሚ൯𝑑𝜉ሚ
క
଴
, (19) 
𝑈   ఔ
ఓ  being the propagator described in equation (11), and 𝐷(଴)ఓ  is 𝐷ఓ  evaluated on the 
unperturbed trajectory (all are a function of 𝜉) 𝐷(଴)ఓ = 𝐷ఓ൫𝑢(଴)ఔ , ?̇?(଴)ఔ , … , 𝐹   ఔఎ, 𝐹  ,ఘ
ఔఎ … ൯We 
can follow the particle dynamics one cycle of the EM field at a time, by integrating each cycle 
on its own, thus describing the particle dynamics in terms of a discrete-time difference 
Figure 3: Calculation of the long-time phase space for the velocity 𝜷  showing 
energy divergence for the LAD equation, as calculated using (21) for two different 
models. An arrows map represents the particle’s dynamics: each arrow connects a given 
𝛽 to the particle’s 𝛽 after a single period of the EM field. The wave vector 𝒌 points
towards the +𝑧  direction. (a) Calculated for LAD equation, and exhibits the same 
divergence as described in Section V. (b) Calculated for a model similar to Hartemann-
Luhmann’s [8], but with a modified zero term (see Methods III). Note that (b) has a 
steady state point at 𝛽௭ = 0.4 (marked in red), and thus cannot be a Lorentz invariant 
RR model according to our proof. 
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equation. This enables us to analyze the long-time evolution by looking at the difference in 
velocity after each cycle  Δ𝑢in
ఓ , which is only a result of the RR term, consequently 
Δ𝑢in
ఓ = 𝜀 න (𝑈ିଵ)  ఔ
ఓ ቈ𝐷(଴)ఔ − 𝑋൫𝜉ሚ൯
𝑑
𝑑𝜉ሚ
𝑢(଴)ఔ ቉ 𝑑𝜉ሚ
ଶగ
଴
. (20) 
Figure 3 shows two examples of phase spaces, defined on the charge velocity 𝛽, that 
map the particle dynamics with the arrows representing Δ𝑢in
ఓ (𝛽). That is, each arrow in the 
phase space connects a given velocity, 𝛽(𝜉), to particle’s velocity after a single period of the 
wave, 𝛽(𝜉 + 2𝜋). To put it in context, the phase space for the LF equation will be composed 
of only fixed points (all the arrows are of size zero), since the dynamics are always periodic. 
Section V – Proof of diverging dynamics for a general RR term 
By analyzing the dynamics in this phase space, we prove in this section that under broad 
assumptions no Lorentz-invariant equation of motion (i.e. a covariant 𝐷ఈ) can reach a periodic 
solution, thus the kinetic energy must always diverge. In the phase space diagram, this means 
that there exists no arrow of size zero (i.e., 𝛽 that translates to itself), and no cycle (i.e. 𝛽 
translates to itself after 𝑛 periods), so following the arrows always converges to the edge of the 
diagram (|𝛽| = 1). As an example, Figure 3a shows dynamics converging to the edge of the 
diagram, representing diverging dynamics. In contrast, Figure 3b shows an attracting stable 
point (no arrow) in phase space, representing periodic dynamics. Our proof shows that the 
picture depicted in Figure 3b cannot arise from a covariant RR term. 
We prove by contradiction: Assume there exist a fixed point inside the phase space 
(finite velocity). We prove that such a point is unchanged upon Lorentz transformations (so 
that the dynamics of a particle converges to the same steady-state point in all inertial frames), 
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in contradiction with the fact that velocities transform as 4-vectors. To see this, it is sufficient 
to consider an observer moving in the direction of the wave vector with a velocity 𝛽୭ୠ. This 
observer will see the interaction of a particle with a field that remains a plane wave and is now 
characterized by the boosted parameters 
𝑎଴ ↦ 𝑎଴,             𝜔଴ ↦ ඨ
1 − 𝛽ob
1 + 𝛽ob
𝜔଴,             𝐹ఓఔ(𝜉) ↦ ඨ
1 − 𝛽ob
1 + 𝛽ob
𝐹ఓఔ(𝜉). (21) 
Let us now examine how the arrows in the phase space (see Figure 3) Δ𝑢୧୬
ఓ (𝛽) are seen 
by the moving observer. Since the LF propagator 𝑈   ఔ
ఓ (𝜉) is only a function of 𝑎଴, the change 
in the resulting Δ𝑢୧୬
ఓ (𝛽) in equation (20) will only be a result of the transformation of 𝐷(଴)ఓ. 
𝐷(଴)ఓ is a function of ( ௗ
ௗఛ
, ௗ
మ
ௗఛమ
, … , 𝐹ఓఔ , 𝐹,ఘ
ఓఔ … ) acting on 𝑢(଴)ఓ and thus, noticing that ௗ
ௗఛ
 and 
𝐹ఓఔ scale as the doppler factor 𝜅 = ටଵିఉobଵାఉob, we group the terms in 𝐷
(଴)ఓ by powers of 𝜅: 
𝐷(଴)ఓ൫𝜉, 𝑢୧୬
ఓ , 𝛽୭ୠ൯ = ෍ 𝜅௡𝑔௡൫𝜉, 𝑢୧୬
ఓ ൯
௡
, (22) 
where 𝑔௡൫𝜉, 𝑢୧୬
ఓ ൯ are arbitrary functions. For example, the terms that show in 𝑔ଶ are  ?̈?, (?̇?)ଶ, 
𝐹,ఘ
ఓఔ, and so on. At this point, we use the fact that for a broad class of RR models, including the 
most commonly discussed ones (LAD, LL, etc.), only the terms corresponding to 𝑛 = 2 are 
present in the expression, and thus equation (22) simplifies to  
𝐷(଴)ఓ൫𝜉, 𝑢୧୬
ఓ , 𝛽୭ୠ൯ = 𝜅ଶ𝑔ଶ൫𝜉, 𝑢୧୬
ఓ ൯. (23) 
Substituting in equation (20), we see that it can now be separated as 
Δ𝑢୧୬
ఓ (𝛽, 𝛽୭ୠ) = 𝜅ଶΔ𝑢୧୬
ఓ (𝛽, 0), (24) 
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with Δ𝑢୧୬
ఓ (𝛽, 0) being the velocity change in the lab frame (𝛽୭ୠ = 0). The phase space seen by 
the moving observer will thus have the arrows pointing at the same directions, but with their 
length scaled by a constant factor 𝜅ଶ. Therefore, if the phase space has a fixed point, with 
Δ𝑢୧୬
ఓ = 0, (as illustrated in Figure 3b), this point will be a steady point in the boosted frame as 
well, in contradiction with the requirement that the steady-state velocity must transform as a 4-
vector. 
To summarize the proof, Lorentz invariance does not allow the existence of periodic 
points in the 𝑢୧୬
ఓ  phase space. We can show that trajectories with longer periods cannot exist 
either (i.e., the particle returns to its initial state after 𝑛 periods) by following the same proof, 
replacing the upper integration limit in equation (20) with 2𝜋𝑛. Dynamics with a period that is 
not an integer number of cycles are not possible either, as the plane wave EM field is 2𝜋 
periodic (in 𝜉). 
It is instructive to ask what scenarios enable steady-state dynamics. For example, in the 
case of a particle under the influence of two counter-propagating waves, the field amplitudes 
of each wave will scale differently upon a Lorentz transform, so that the amplitude of the wave 
moving counter to the observer becoming higher, and the other becoming lower. In that case, 
the total field in different points in space-time scales differently, so that a scaling law similar 
to the one applied in equation (21) cannot be established, and thus a steady state could 
potentially be obtained even despite the influence of RR. 
The inclusion of only the 𝜅ଶ terms in equation (22) is also a fine point that deserves 
further discussion. This is indeed a property of all well-known RR equations, such as the LAD, 
LL, Mo & Papas [26] and Sokolov (to the first order) [10] equations, and stems from the scaling 
of the radiation power due to the Larmor formula as ?̇?ଶ. However, quantum corrections to the 
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Larmor formula add higher order terms in frequency (see, for example [27, pp. 376-386]), so 
that a phenomenological model that accounts for corrections of quantum electrodynamics 
(QED) should display effects of orders higher than ቀ ௗ
ௗఛ
ቁ
ଶ
 (i.e., higher than 𝜅ଶ), on which our 
proof is not applicable [28]. This introduction of higher order terms leads to a fascinating 
implication: that convergence to a steady state might be possible, and if found in experiments, 
imply that RR is inherently quantum. We note, however, that the most well-known 
phenomenological QED model, by Sokolov, exhibits a similar divergence to the one shown 
above [29]. 
Section VI - Discussion 
If the dynamics of a particle under the influence of a plane-wave EM field would be 
found in some potential equations to have a steady-state solution that is altered by RR, such a 
steady state could be measured by trapping the particle and observing its motion after a long 
interaction. However, in the previous sections we showed that, for all the famous RR candidate 
models, the dynamics of a charged particle interacting with a periodic wave always diverge. 
We now turn, to consider whether the calculated RR corrections could be measured using 
current precision measurement technologies, given a long enough interaction. To do so, we 
consider two effects of the interaction: a shift in the energy and a shift in the oscillation 
Figure 4: Energy & Frequency shift of the electron. 
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frequency of the particle (see an outline in Figure 4). Figures Figure 5 and Figure 6 show the 
time that it takes a particle to change its energy by 1 eV, or its oscillation frequency by 1 GHz, 
respectively. We calculate the energy loss due to the LL correction Δ𝐸, and find the laser pulse 
fluence 𝐻 (i.e., total energy per unit area) required to obtain this energy loss. The relation is 
captured by the simple equation (obtained by a straightforward but tedious calculation – see 
Methods IV)  
𝐻 =
𝑐𝑚௘𝜀଴Δ𝐸
𝑞ଶ𝜏଴
൬1 +
1
𝛽୧୬
൰ . (25) 
where Δ𝐸 is assumed to satisfy Δ𝐸 ≪ 𝛽𝑚𝑐ଶ. The relation above assumes a linearly polarized 
plane wave but is otherwise independent of the specific laser parameters: frequency, intensity, 
pulse envelope and duration.  
Consider a case example: A linearly polarized plane wave with 𝜆 = 532 nm and 𝑎଴ =
0.005 (equivalent to the intensity of 1.2 × 10ଵସ  ୛ୟ୲୲
ୡ୫మ
) counter-propagating with electrons will 
Figure 5: The characteristic time of energy shift for LL interaction. The time 
that take the particle to change its energy by 1 eV, for a pulse with wavelength 
532 nm. Note that for 𝑢଴ < 0 the particle will lose energy, while for 𝑢଴ > 0 the
particle gains energy.  
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produce a 4.5 GHz shift in its oscillation frequency with a 1ns pulse by choosing an electron 
with an initial velocity of 𝛽 = 0.5 (kinetic energy of 80 MeV). Alternatively, the effect of RR 
can be detected through the change in energy of the electron, which in this case will be  100 eV. 
By taking a highly-relativistic electron (𝛾 = 10) we obtain a larger change in energy of 98 eV 
with the same (co-propagating) pulse.  
Such an experiment can be attempted inside transmission electron microscopes 
(TEMs), where electrons with kinetic energies of 200 keV (𝛽 = 0.7), will lose 1.2 eV when 
counter-propagating to the same pulse. Such energy shifts can be measured using the high 
precision of Electron Energy Loss Spectroscopy (EELS), which can resolve changes in electron 
energy with resolution under 1eV, and down to below 100 meV in state-of-the-art systems [30]. 
Furthermore, the above ns laser carries 1.2 mJ per pulse when focused to a spot size of 1 𝜇mଶ. 
These laser parameters are well within the reach of current technology [23,31] (potentially with 
Figure 6: The characteristic time for frequency decay of RR. (Right) The 
number of wave periods needed to change the oscillation frequency of the electron 
by 1 GHz, when interacting with a 532 nm wave. (Left) The time of interaction is 
taken for constant 𝑎଴  cross sections. Note that here for a given 𝑎଴  the fastest 
change in frequency will not occur for the maximal initial velocity, but rather when 
the velocity is only weakly relativistic. 
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a larger spot size and higher pulse energy). We see, therefore, that RR effects, even at relatively 
low laser strengths, can occur on time scales which can be currently realized in the lab.  
Other experimental setups can also be set to explore these phenomena. For example, 
we can consider the interaction of an electron in a cyclotron/synchrotron motion with a small 
radius under the illumination of a continuous wave laser, or a pulse of an even longer duration, 
in order to simulate an “infinitely-long” interaction.  
Such experimental realizations also enable testing other schemes, such as interactions 
with two counter-propagating plane waves, or more generally, specially-shaped beams and 
pulses (different envelopes 𝜑 in equation (5)) that will be optimized to provide the maximal 
RR correction.  
An especially attractive opportunity for such an experiment is the use of 
ultrafast/dynamic transmission electron microscopes (UTEM/DTEM) [32,33,34] or ultrafast 
electron diffraction (UED) [35,36], which enables the interaction of fs/ns laser pulses with free 
electrons. Such experiments allow the precise measurement of the electron energy/momentum 
change in the scales of a single eV [37,38].  
The experimental approach we propose, aside from enabling us to probe RR in regimes 
not tested before, will also produce new insights into the quantum nature of RR [3]. 
Specifically, measuring energy loss or gain in the scale of a few eV (in EELS) can reveal RR 
effects related to quantization of electron-light interaction, whereby the electron radiates in 
quantized integer portions of ℏ𝜔. Therefore, in the low energy loss limit, we expect the energy 
loss to have mean value as predicted by the classical equations, but with unknown distribution, 
to be predicted by exact QED calculations. 
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The experimental opportunities provided by lasers coupled to TEMs are exactly fitting 
for studying quantized RR, motivated by observations of quantized exchange of energy 
between the photon and the laser field [39,40], with phenomena like laser-driven quantum walk 
and Rabi oscillations [33], and are therefore promising for studying RR effects of similar 
magnitude. It would be fascinating to find similar kinds of underlying physics in the quantum 
theory of RR. 
Finally, recent advances in laser technology enable the shaping of the electron 
wavepacket, even in the 𝜇m  scale [41]. With effects such as Photon Induced Near-Field 
Microscopy (PINEM) shown to be wavepacket dependent [38,42,43], it is possible that RR 
effects will also prove to be dependent on the wavepacket shaping. This will enrich the problem 
and would further enhance the capabilities of the new approach we propose to probe RR. 
Ultimately, it will allow us to probe the inherent quantum nature of RR. 
Methods 
I. Non-periodicity of solutions for LAD equation 
We show here a simple proof that there exists no periodic solution for a particle in a 
plane wave. To do so, we contract equation (3) with 𝑘ఈ using equation (6) and obtain 
𝑘 ⋅ ?̇? = 𝜏଴(𝑘 ⋅ ?̈? + (?̇?)ଶ 𝑘 ⋅ 𝑢). (I. 1) 
Assuming 𝑢 is a periodic function in 𝜏, then 𝑘 ⋅ 𝑢 is clearly also a periodic, positive-
definite function. We integrate both sides: 
𝑘 ⋅ 𝑢 − 𝜏଴𝑘 ⋅ ?̇? = න(?̇?)ଶ(𝑘 ⋅ 𝑢) 𝑑𝜏 (I. 2) 
The LHS is periodic, but the RHS is an integral over a non-positive (and non-zero) 
function, as 
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?̇?ఓ =
𝑑
𝑑𝜏
[𝛾(1, 𝜷)] = ൫𝛾ଷ൫𝜷 ⋅ ?̇?൯, 𝛾ଷ൫𝜷 ⋅ ?̇?൯𝜷 + 𝛾?̇?൯ (I. 3) 
(?̇?)ଶ = −𝛾ଶ  ቀ?̇?ଶ + 𝛾ଶ൫𝜷 ⋅ ?̇?൯
ଶ
ቁ ≤ 0. (I. 4) 
The RHS is, therefore, a monotonously decreasing (non-constant, as ?̇?  cannot be 
identically zero in a driving field) function while the LHS is periodic, a contradiction. 
II. First order perturbation for a general radiation force 
We develop a first-order perturbation solution for: 
?̇?ఓ =
𝑞
𝑚
𝐹   ఔ
ఓ 𝑢ఔ + ε𝐷ఓ, (II. 1) 
where 𝐹   ఔ
ఓ  is an EM wave field tensor, and 𝐷ఓ൫𝑢, ?̇?, … , 𝐹   ఓఔ , 𝐹   ,ఘ
ఓఔ , … ൯ is an arbitrary radiation 
damping term, and ε is a parameter with a dimension of time, so that ε𝜔଴ ≪ 1. We expand 
both 𝑢ఓ and the differential operator 𝑑ఛ in a power series, as 
𝑑
𝑑𝜏
=
𝑑𝜉
𝑑𝜏
𝑑
𝑑𝜉
= ቀ𝑘 ⋅ 𝑢in + ε?̇?(ଵ) + 𝑂(𝜀ଶ)ቁ
𝑑
𝑑𝜉
(II. 2) 
𝑢ఓ = 𝑢(଴)ఓ(𝜉) + ε𝑢(ଵ)ఓ(𝜉) + 𝑂(𝜀ଶ). (II. 3) 
Substituting in equation (II.1) and making a change of variables to 𝜉, we obtain the 
zeroth order solution, similar to the LF solution 
𝑢(଴)ఓ(𝜉) = 𝑈   ఔ
ఓ 𝑢inఔ , (II. 4) 
with 𝑢௜௡
ఓ  being the initial velocity and 𝑈   ఔ
ఓ  as shown in equation (5). Our interest, however, is 
in the first order RR correction. In the first order equation (II.1) is 
(𝑘 ⋅ 𝑢in)
𝑑
𝑑𝜉
𝑢(ଵ)ఓ + ?̇?(ଵ)
𝑑
𝑑𝜉
𝑢(଴)ఓ =
𝑞
𝑚
𝐹   ஝
ఓ 𝑢(ଵ)ఔ + 𝐷(଴)ఓ , (II. 5) 
with  
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𝐷(଴)ఓ = 𝐷ఓ൫𝑢(଴), ?̇?(଴), 𝐹   ఓఔ , 𝐹   ,ఘ
ఓఔ … ൯ = 𝐷ఓ ቀ𝑈  ఔ
ఓ 𝑢୧୬ఔ ,
𝑞
𝑚
𝐹  ఔ
ఓ 𝑈  ఙఔ 𝑢୧୬ఙ , 𝐹   ఓఔ , 𝐹   ,ఘ
ఓఔ … ቁ . (II. 6) 
Contracting with 𝑘ఓ and using the identities 
?̇?(ଵ) = 𝑘 ⋅ 𝑢(ଵ) (II. 7) 
𝑑
𝑑𝜉
൫𝑘 ⋅ 𝑢(଴)൯ = 0 (II. 8) 
𝑘ఓ𝐹   ఔ
ఓ = 0, (II. 9) 
we obtain 
?̇?(ଵ)(𝜉) =
1
𝑘 ⋅ 𝑢୧୬
න 𝑘 ⋅ 𝐷(଴)𝑑𝜉ሚ
క
଴
. (II. 10) 
Note that in the main paper, e.g. equation (18), ?̇?(ଵ) will be denoted by the auxiliary function 
𝑋. Equation (II.5) is now a linear ODE of 𝑢(ଵ)ఓ. The homogeneous solution is already known 
(similar to equation (II.4)) and we use variation of parameters to find the particular solution. 
Writing 𝑢(ଵ)ఓ = 𝑈   ఔ
ఓ 𝑣ఔ, we obtain 
(𝑘 ⋅ 𝑢in)𝑈   ఔ
ఓ 𝑑
𝑑𝜉
 𝑣ఔ + ?̇?(ଵ)
𝑑
𝑑𝜉
𝑢(଴)ఓ = 𝐷(଴)ఓ (II. 11) 
which, upon integration, yields 
𝑢(ଵ)ఓ =
1
𝑘 ⋅ 𝑢୧୬
𝑈   ఔ
ఓ න (𝑈ିଵ)  ఙఔ ቈ𝐷(଴)ఙ − ?̇?(ଵ) ⋅
𝑑
𝑑𝜉ሚ
𝑢(଴)ఙ቉ 𝑑𝜉ሚ
క
଴
. (II. 12) 
III. The Hartemann-Luhmann (HL) model for RR 
Following the derivation due to Hartemann-Luhmann, the most intuitive way to write 
the radiation damping force (3-vector) is as an integral over the solid angle of the radiation per 
unit time 
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𝑭 = −
𝑞ଶ
16𝜋ଶ𝜀଴𝑐ଶ
ර 𝒏
൛𝒏 × ൣ(𝒏 − 𝜷) × ?̇?൧ൟ
ଶ
(1 − 𝜷 ⋅ 𝒏)ହ
𝑑Ω . (III. 1) 
The integral was then carried out (see [8]) in a frame in which the velocity and 
acceleration are collinear, yielding 
𝑭 = −𝑚𝜏଴𝜷?̇?ଶ𝛾଺, (III. 2) 
which was then generalized to a covariant term of the form 
𝑓ఈ = 𝑚𝜏଴?̇?ଶ𝑢ఈ                                                                                 
= −γ
𝑞ଶ
16𝜋ଶ𝜀଴𝑐ଶ
ර
൛𝒏 × ൣ(𝒏 − 𝜷) × ?̇?൧ൟ
ଶ
(1 − 𝜷 ⋅ 𝒏)ହ
(1, 𝒏)𝑑Ω . (III. 3)
 
The resulting term matches the nonlinear term in the LAD model presented in equation (3) but 
lacks the ?̈?ఓ term. When added to the LF, the resulting equation does not preserve the norm 
𝑢 ⋅ 𝑢 = 1, which is required by definition of the 4-velocity, as it does not satisfy  
𝑓 ⋅ 𝑢 = 0. (III. 4) 
One possible remedy, that will be considered here, is to keep the space components of 
the 4-force, as seen in equation (III.1), but replace the time component so that equation (III.4) 
will be satisfied. We obtain the following expression for the RR term 
𝑓ఈ = −𝛾
𝑞ଶ
16𝜋ଶ𝜀଴𝑐ଶ
ර
൛𝒏 × ൣ(𝒏 − 𝜷) × ?̇?൧ൟ
ଶ
(1 − 𝜷 ⋅ 𝒏)ହ
(𝒏 ⋅ 𝜷, 𝒏)𝑑Ω . (III. 5) 
This expression can be plugged into equation (20) to obtain the phase space shown in 
Figure 3b. This space displays a steady-state point, which according to our proof cannot occur 
for a Lorentz invariant equation of motion. Indeed, the expression (III.5) cannot be written in 
a covariant form. 
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IV. Derivation of the Relation Between Laser Fluence and energy loss due to the LL 
term (22) 
By the derivation in [14], we can write the following equation for the energy change as 
a function of 𝜉 
𝑠 =
Δ𝐸(𝜉)
𝑚𝑐ଶ
=
𝑎଴ଶ𝜏଴𝜔଴𝜉 ቀ2𝑢୧୬ଶ + 1 − 2𝑢୧୬ඥ1 + 𝑢୧୬ଶ ቁ ቀ2𝑢୧୬ +
1
2 𝑎଴
ଶ𝜏଴𝜔଴𝜉ቁ
4 ቀඥ1 + 𝑢୧୬ଶ − 𝑢୧୬ቁ ቆ1 +
1
2 𝑎଴
ଶ𝜏଴𝜔଴𝜉 ቀඥ1 + 𝑢୧୬ଶ − 𝑢୧୬ቁቇ
, (IV. 1) 
where 𝑢୧୬  is the 4-velocity component in the direction of the wave vector (𝑢୧୬ > 0  for a 
copropagating electron). We can solve for 𝜉 and obtain an expression for the pulse duration 
𝑇 = క
ఠబ
. A simpler expression will be obtained by noting that 𝛽୧୬ =
௨౟౤
ටଵା௨౟౤
మ
= ௨౟౤
ఊ౟౤
. We then get 
𝑇 = 2
𝛾୧୬𝛽୧୬ + 𝑠 ∓ 𝛾୧୬ඨ𝛽୧୬ଶ + 𝑠 ൬
𝑠
𝛾୧୬ଶ
+ 2𝛾୧୬
൰
𝑎଴ଶ𝜏଴𝜔଴ଶ
, (IV. 2)
 
(where we have a minus sign for 𝛽୧୬ > 0, and plus for 𝛽୧୬ < 0). Assuming 𝑠 ≪ 𝛽ଶ (as can be 
true for electron energy change of less than 1 MeV and weakly relativistic initial velocity), we 
can expand equation (IV.2) as 
𝑇 =
2𝑠
𝑎଴ଶ𝜏଴𝜔଴ଶ
൬1 +
1
𝛽୧୬
൰ . (IV. 3) 
The wave intensity is then given by 
𝐼 =
𝜀଴𝑐𝐸ଶ
2
=
𝑎଴ଶ𝜔଴ଶ𝑐ଷ𝑚ଶ
2𝑞ଶ
, (IV. 4) 
so that the total fluence is 
𝐻 = 𝐼 ⋅ 𝑇 =
𝑐𝑚௘𝜀଴Δ𝐸
𝑞ଶ𝜏଴
൬1 +
1
𝛽୧୬
൰ . (IV. 5) 
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The reader can see that if the fluence is known, the energy change is independent of the specific 
laser parameters 𝜔଴, 𝑎଴ and 𝑇. More generally, it is also independent on the shape of the pulse 
envelope. 
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